I
Chapter 16

Solving Differential Equations

Pro

Pro

This chapter describes how to solve both ordinary and partial differential
equations having real-valued solutions. Mathcad Standard comes with
therkfixed function, a general-purpose Runge-Kutta solver that can be
used omth order differential equations with initial conditions or on
systems of differential equations. Mathcad Professional includes a vari-
ety of additional, more specialized functions for solving differential
equations. Some of these exploit properties of the differential equation
to improve speed and accuracy. Others are useful when you intend to
plot the solution rather than simply evaluate it at an endpoint.

The following sections make up this chapter:

Solving ordinary differential equations

Using therkfixedfunction to solve anth order ordinary differential equation
with initial conditions. This section is a prerequisite for all other sections in
this chapter.

Systems of differential equations

How to adapt thekfixed function to solve systems of differential etjaas
with initial conditions.

Specialized differential equation solvers

A description of additional diérential equion solving functions and when
you may want to use them.

Boundary value problems
How to solve boundary value problems involving multivariate functions.
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Solving ordinary differential equations

In a differential equation, you solve for an unknown function rather than just a number.
For ordinary differential equations, the unknown function is a function of one variable.
Partial differential equations are differential equations in which the unknown is a
function of two or more variables.

Mathcad has a variety of functions for returning the solution to an ordinary differential
equation. Each of these functions solves differential equations numerically. You'll
always get back a matrix containing the values of the function evaluated over a set of
points. These functions differ in the particular algorithm each uses for solving differ-
ential equations. Despite these differences however, each of these functions requires
you to specify at least three things:

m The initial conditions.
m Arange of points over which you want the solution to be evaluated.

m The differential equation itself, written in the particular form discussed in this
chapter.

This section shows how to solve a single ordinary differential equation using the
functionrkfixed It begins with an example of how to solve a simple first order
differential equation and then proceeds to show how to solve higher order differential
equations.

First order differential equations

A first order differential equation is one in which the highest order derivative of the
unknown function is the first derivative. Figure 16-1 shows an example of how to solve
the relatively simple differential equation:

dy _
&+3[y- 0

subject to the initial condition:

y(0) = 4

The functiorrkfixedin Figure 16-1 uses the fourth order Runge-Kutta method to return
a two-column matrix in which:

m The left-hand column contains the points at which the solution to the differential
equation is evaluated.

m The right-hand column contains the corresponding values of the solution.
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Dix.y) = -3 Yo <— Define a function for the first derivative.

y' =3y

Z = rkfixed(y.0.4.100. D) <— Evaluate the solution at 100
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i=0.rows(Z) -1

<— Plot the solution. Use Ctrl+6 to
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(Z< 0 )i .
KIS _>l_I
Prezz F1 for help. W ait Page 1 i

Figure 16-1: Solving a first order differential equation.

The arguments to thiifixed function are:

rkfixed(y, x1, X2, npoints D)

y = A vector ofninitial values whera is the order of the differential equation
or the size of the system of equations you're solving. For a first order
differential equation like that in Figure 16-1, the vector degenerates to one
point, y(0) = y(x1) .

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated. The initial valueyiare the values atl.

npoints= The number of points beyond the initial point at which the solution is to
be approximated. This controls the number of rolvs (points ) in the
matrix returned bykfixed

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

The most difficult part of solving a differential equation is solving for the first derivative
so you can define the functi@(x, y). In Figure 16-1 it was easy to solve fg¥(x)
Sometimes, however, particularly with nonlinear differential equations, it can be
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difficult. In such cases, you can sometimes solveyfqx) symbolically and paste it
into the definition foD(x, y). To do so, use themlvekeyword or th&olve for Variable
command from th&ymbolicsmenu as discussed in the section “Solving equations
symbolically” in Chapter 17.
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Figure 16-2: A more complicated example involving a nonlinear differential
equation.

Second order differential equations

Once you know how to solve a first order differential equation, you're most of the way
to knowing how to solve higher order differential equations. We start with a second
order equation. The key differences are:

m The vector of initial valueg now has two elements: the value of the function and
its first derivative at the starting valudl.

m The functionD(t, y) is now a vector with two elements:

D(ty) = |¥ (t)}
L" (1)

m  The solution matrix contains three columns: the left-hand one farthleies; the
middle one fory(t) ; and the right-hand one fgi(t)

The example in Figure 16-3 shows how to solve the second order differential equation:

"=y +20y
y(0) =1 y'(0) =3
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Figure 16-3: Solving a second order differential equation.

Higher order equations

The procedure for solving higher order differential equations is an extension of that
used for second order differential equations. The main difference is that:

m  The vector of initial valueg now has elements for specifying initial conditions
ofy, y,y", ...,y(n=-1 .
m The functionD is now a vector witm elements:

Ly ]
y"(t)
D(ty) =

(M (1))

m  The solution matrix containscolumns: the left-hand one for thealues and the
remaining columns for values gft), y'(t), y"(t), ..., y("~1(t) .

The example in Figure 16-4 shows how to solve the fourth order differential equation:

yllll_2k2yll+k4y — O
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subject to the initial conditions:

y(0) = 0 y'(0) =1 y"(0) = 2 y"'(0) = 3

fra File Edit “iew |nsert Format Math Symbolics Window Help ;Iilll
Solve Yy - 2 kSt + kT y=0 k = 3 ﬂ
0
1 <— Define initial conditions
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¥4 <— First derivative
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2kTy; - kv <— Fourth derivative

£ = rkfixed{y. 0. 5100, D) <— Evaluate solution at 100 points between

Figure 16-4: Solving a higher order differential equation.

Systems of differential equations

The procedure for solving a coupled system of differential equations follows closely
that for solving a higher order differential equation. In fact, you can think of solving a
higher order differential equation as just a special case of solving a system of differential
equations.

Systems of first order differential equations

To solve a system of first order differential equations:

Define a vector containing the initial values of each unknown function.

Define a vector-valued function containing the first derivatives of each of the
unknown functions.

Decide which points you want to evaluate the solutions at.

Pass all this information intdfixed
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Therkfixedfunction will return a matrix whose first column contains the points at which
the solutions are evaluated and whose remaining columns contain the solution functions
evaluated at the corresponding point. Figure 16-5 shows an example solving the
equations:

X'o(t) = pDXg(t) =X, (1) = (Xo(t)z + Xl(t)z) X (1)

X'q (1) = pExq(t) = xo(t) = (Xo(t)z + Xl(t)z) X4 (1)
with initial conditions:

X(0) =0  x,(0) = 1
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Figure 16-5: A system of first order linear equations.

Systems of higher order differential equations

The procedure for solving a systemntif order differential equations is similar to the
procedure for solving a system of first order differential equations. The main differences
are:

m  The vector of initial conditions must contain initial values forrthel derivatives
of each unknown function in addition to initial values for the functions themselves.

m The vector-valued function must contain expressions fonthé derivatives of
each unknown function in addition to thth derivative.
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The example in Figure 16-6 shows how to go about solving the system of second order
differential equations:

u"(t) = 2v(t)
v'(t) = 4v(t) —2u(t)
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Figure 16-6: A system of second order linear differential equations.

The functionrkfixed returns a matrix in which:

m The first column contains the values at which the solutions and their derivatives are
to be evaluated.

m The remaining columns contain the solutions and their derivatives evaluated at the
corresponding point in the first column. The order in which the solution and its
derivatives appear matches the order in which you put them into the vector of initial
conditions that you passed irmtdixed

Specialized differential equation solvers

Pro Therkfixedfunction discussed thus far is a good general-purpose differential equation
solver. Although it is not always the fastest method, the Runge-Kutta technique used
by this function nearly always succeeds. Mathcad Professional includes several more
specialized functions for solving differential equations, and there are cases in which
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you may want to use one of Mathcad's more specialized differential equation solvers.
These cases fall into three broad categories:

m Your system of differential equations may have certain properties which are best
exploited by functions other thakfixed The system may be stif§{iffb, Stiffr);
the functions could be smootBylstoe) or slowly varying Rkadap}.

m You may have a boundary value rather than an initial value proslevalénd
bvalfit).

m You may be interested in evaluating the solution only at one gmilgtéer
rkadapt stiffb andstiffr).

You may also want to try several methods on the same differential equation to see which
one works the best. Sometimes there are subtle differences between differential
equations that make one method better than another.

The following sections describe the use of the various differential equation solvers and
the circumstances in which they are likely to be useful.

Smooth systems

When you know the solution is smooth, useBlwstoerfunction instead ofkfixed
TheBulstoerfunction uses the Bulirsch-Stoer method rather than the Runge-Kutta
method used bgkfixed Under these circumstances, the solution will be slightly more
accurate than that returned tijixed

The argument list and the matrix returnedBaystoeris identical to that forkfixed

Pro Bulstoerfy, x1, x2, npoints D)
y = A vector ofn initial values.

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated. The initial valuey iare the values atl.

npoints= The number of points beyond the initial point at which the solution is to
be approximated. This controls the number of rolvs (points ) in the
matrix returned byBulstoer

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

Slowly varying solutions

Given a fixed number of points, you can approximate a function more accurately if you
evaluate it frequently wherever it's changing fast and infrequently wherever it's chang-
ing more slowly. If you know that the solution has this property, you may be better off
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Pro

Stiff systems

usingRkadapt Unlike rkfixedwhich evaluates a solution at equally spaced intervals,
Rkadapexamines how fast the solution is changing and adapts its step size accordingly.
This “adaptive step size control” enabRsadaptto focus on those parts of the
integration domain where the function is rapidly changing rather than wasting time
integrating a function where it isn't changing all that rapidly.

Note that althougRkadaptwill use nonuniform step sizes internally when it solves
the differential equation, it will nevertheless return the solution at equally spaced points.

Rkadapttakes the same argumentglkfixed The matrix returned birkadaptis
identical in form to that returned Ioifixed

Rkadapty, x1, x2, npoints D)
y = A vector ofn initial values.

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated. The initial valuey iare the values atl.

npoints= The number of points beyond the initial point at which the solution is to
be approximated. This controls the number of rolvs (points ) in the
matrix returned byRkadapt

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

A system of differential equations expressed in the form:
y = AKX

is a stiff system if the matri& is nearly singular. Under these conditions, the solution
returned bykfixedmay oscillate or be unstable. When solving a stiff system, you should
use one of the two differential equation solvers specifically designed for stiff systems:
Stiffb andStiffr. These use the Bulirsch-Stoer method and the Rosenbrock method,
respectively, for stiff systems.

The form of the matrix returned by these functions is identical to that returned by
rkfixed However Stiffb andStiffr require an extra argument in the following section:
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Pro Stiffb(y, x1, x2, npoints D, J)
Stiffr(y, x4, X2, npoints D, J)

y = A vector ofn initial values.

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated. The initial valuey iare the values atl.

npoints= The number of points beyond the initial point at which the solution is to
be approximated. This controls the number of rolvs (points ) in the
matrix returned bystiffb or Stiffr.

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

J(x, y) = A function which returns the x (n+ 1)  matrix whose first column
contains the derivative8D/dx  and whose remaining rows and columns
form the Jacobian matrixdD/dy, ) for the system of differential equa-
tions. For example, if:

Py :\2)(@/@1@/] then J(X’y):\i)l ZOEy 2XEy]
- 1-20 - 1™ 0

Evaluating only the final value

The differential equation functions discussed so far presuppose that you're interested
in seeing the solutioy(x) over a number of uniformly spacedalues in the integration
interval bounded byl andx2. There may be times, however, when all you want is the
value of the solution at the endpoiy(tx2). Although the functions discussed so far will
certainly give yow/(x2), they also do a lot of unnecessary work returning intermediate
values ofy(x) in which you have no interest.

If you're only interested in the value yik2), use the functions listed below. Each
function corresponds to one of those already discussed. The properties of each of thest
functions are identical to those of the corresponding function in the previous sections.
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Pro bulstoerf, x1, x2, acc, D, kmax savg
rkadaptg/, x1, x2, acc, D, kmax save
stiffb(y, x1, X2, acc, D, J, kmax savg
stiffr(y, x1, x2, acc, D, J, kmax save

y = A vector ofninitial values.

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated. The initial valuey iare the values atl.

acc= Controls the accuracy of the solution. A small valuaaafforces the
algorithm to take smaller steps along the trajectory, thereby increasing the
accuracy of the solution. Valuesafcaround 0.001 will generally yield
accurate solutions.

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

J(x, y) = A function which returns the x (n+ 1)  matrix whose first column
contains the derivative8D/dx  and whose remaining rows and columns
form the Jacobian matrixdD/dy, ) for the system of differential equa-
tions. See page <Reference>.

kmax= The maximum number of intermediate points at which the solution will
be approximated. The valuelahaxplaces an upper bound on the number
of rows of the matrix returned by these functions.

save= The smallest allowable spacing between the values at which the solutions
are to be approximated. This places a lower bound on the difference
between any two numbers in the first column of the matrix returned by the
function.

Boundary value problems

So far, all the functions discussed in this chapter assume that you know the value taken
by the solutions and their derivatives at the beginning of the interval of integration. In
other words, these functions are useful for solving initial value problems.

In many cases, however, you may know the value taken by the solution at the endpoints
of the interval of integration. A good example is a stretched string constrained at both
ends. Problems such as this are referred to as boundary value problems. The first section
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discusses two-point boundary value problems: one-dimensional systems of differential
equations in which the solution is a function of a single variable and the value of the
solution is known at two points. The section following this discusses the more general
case involving partial differential equations.

Two-point boundary value problems

Pro

The functions described so far involve finding the solution tothmrder differential
equation when you know the value of the solution and itsHist derivatives at the
beginning of the interval of integration. This section discusses what happens if you
don't have all this information about the solution at the beginning of the interval of
integration but you do know something about the solution elsewhere in the interval. In
particular:

= You have amth order differential equation.

m  You know some but not all of the values of the solution and itsTirst derivatives
at the beginning of the interval of integratiod,

m  You know some but not all of the values of the solution and itgTirst derivatives
at the end of the interval of integratiof®,

m Between what you know about the solution®and what you know about it 22,
you haven known values.

When this is the case, you should sbealto evaluate the missing initial valuescat

Once you have these missing initial values, you will have an initial value problem rather
than a two-point boundary value problem. You can then proceed to solve this using any
of the functions discussed earlier in this chapter.

The example in Figure 16-7 shows how to siseal Note thasbvaldoes not actually
return a solution to a differential equation. It merely computes the initial values the
solution must have in order for the solution to match the final values you specify. You
must then take the initial values returnedsbyaland solve the resulting initial value
problem as discussed earlier in this chapter.

Thesbvalfunction returns a vector containing those initial values left unspecified at
x1. The arguments tsbvalare:

sbvalfv, x1, x2, D, load, score
v = Vector of guesses for initial values left unspecifiedlat

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated.

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

load(x1, v) = A vector-valued function whoseelements correspond to the values of
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then unknown functions atl. Some of these values will be constants
specified by your initial conditions. Others will be unknown at the outset
but will be found bysbval If a value is unknown you should use the
corresponding guess value fram

scorg(x2, y) = A vector-valued function having the same number of elementsEzch

element is the difference between an initial conditiox2ats originally
specified, and the corresponding estimate from the solutionsddre
vector measures how closely the proposed solution matches the initial
conditions ak2 A value of O for any element indicates a perfect match
between the corresponding initial condition and that returnesthtgl
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Figure 16-7: Using sbval to obtain initial values corresponding to given final
values of a solution to a differential equation.

It's also possible that you don't have all the information you need &buakbut you
do know something about the solution and its first1 derivatives at some interme-
diate valuexf. This is the exactly the situation contemplatebslfit.

This function solves a two-point boundary value problem of this type by shooting from
the endpoints and matching the trajectories of the solution and its derivatives at the
intermediate point.
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Pro bvalfit(vl, v2, x1, x2, xf, D, load1, load2, score

v1, v2 = Vectorvl contains guesses for initial values left unspecified.atector
v2 contains guesses for initial values left unspecifiexkat

x1, x2 = The endpoints of the interval on which the solution to the differential
equations will be evaluated.

xf = A point betweenx1 andx2 at which the trajectories of the solutions
beginning ak1 and those beginning & are constrained to be equal.

D(x, y) = Ann-element vector-valued function containing the first derivatives of the
unknown functions.

load1(x1, v1) = A vector-valued function whoseelements correspond to the values of
then unknown functions atl. Some of these values will be constants
specified by your initial conditions. If a value is unknown you should use
the corresponding guess value frefn

load2(x2, v2) = Analogous tdoad1but for values taken by tireunknown functions at2.

scorgxf, y) = Ann element vector valued function used to specify how you want the
solutions to match atf. You'll usually want to definscorexf, y) :=y to
make the solutions to all unknown functions match ud.at

This method becomes especially useful when derivative has a discontinuity somewhere
in the integration interval as the example in Figure 16-8 illustrates.
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Figure 16-8: Using bvalfit to match solutions in the middle of the integration
interval.

Partial differential equations

A second type of boundary value problem arises when you are solving a partial
differential equation. Rather than fixing the value of a solution at two points as was
done in the previous section, we now fix the solution at a whole continuum of points
representing some boundary.

Two partial differential equations that arise often in the analysis of physical systems
are Poisson's equation:

2 2
ou_,ou
-+ = X,
o oy p(xY)

and its homogeneous form, Laplace's equation.

Mathcad has two functions for solving these equations over a square boundary. You
should use theelax function if you know the value taken by the unknown function
u(x y) on all four sides of a square region.

If u(x, y) is zero on all four sides of the square, you camuségrid function instead.
This function will often solve the problem faster thratax. Note that if the boundary
condition is the same on all four sides, you can simply transform the equation to an
equivalent one in which the value is zero on all four sides.
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Therelax function returns a square matrix in which:

m  An element's location in the matrix corresponds to its location within the square
region, and

m Its value approximates the value of the solution at that point.

This function uses the relaxation method to converge to the solution. Poisson's equation
on a square domain is represented by:

& Ui gkt D) Ui s kTG kY ke T Y —1 T Yk = f

The arguments taken by these functions are shown below:

Pro relax@, b, ¢, d, e f, u, rjac)

a, b, ¢, d, e= Square matrices all of the same size containing coefficients of the above
equation.

f = Square matrix containing the source term at each point in the region in
which the solution is sought.

u = Square matrix containing boundary values along the edges of the region
and initial guesses for the solution inside the region.

rjac = Spectral radius of the Jacobi iteration. This number between 0 and 1
controls the convergence of the relaxation algorithm. Its optimal value
depends on the details of your problem.

If the boundary condition is zero on all four sides of the square integration domain, use
themultigrid function instead. An example is shown in Figure 16-9. The same problem
solved with theelax function instead is shown in Figure 16-10.

Pro multigrid(M, ncyclg

M = (1+ 2") row square matrix whose elements correspond to the source term
at the corresponding point in the square domain.

ncycle= The number of cycles at each level of tltigrid iteration. A value of 2
will generally give a good approximation of the solution.
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Figure 16-9: Using multigrid to solve a Poisson's equation in a square
domain.
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Figure 16-10: Using relax to solve the same problem as that shown in Figure
16-9.
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